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1.1
Introduction

In this chapter we introduce a class of tree-like graphs which combines the
efficiency of tree-like structures with the expressiveness of general graphs.
Our starting point is the notion of a Generalised Tree (GT), that is, a graph
with a kernel hierarchical skeleton in conjunction with graph inducing pe-
ripheral edges [17]. We combine this notion with the theory of Network Op-
timisation Problems (NOP) [58] in order to introduce Generalised shortest PathS
Trees (GPST) as a subclass of the class of generalised trees. One advantage of
this novel class is that it provides a functional semantics of the different types
of edges of generalised trees. Another is that it gives naturally rise to combin-
ing graph modeling with conceptual spaces [27] and, thus, with cognitive or,
more generally, semiotic modeling. The chapter provides three examples in
support of this combination.

The graph model presented in this chapter focuses on structure formation
in semiotic networks. Its background is the rising interest in network mod-
els due to the renaissance of, so to speak, functionalist models of network-
ing in a wide range of scientific disciplines starting from the famous work of
Milgram [44] in social psychology and extending into the area of physics [1],
quantitative biology [3,23], quantitative sociology [6,64], quantitative linguis-
tics [?,40] and information science [47] to name only a few — see [46], [21]
and [39] for surveys of this research in the area of natural sciences and the
humanities.

What all these network models have in common is that they start from a
remarkably low-level graph model in terms of simple graphs with at most la-
beled or typed vertices and edges. That is, for a decade or so networks have
been explored almost exclusively in terms of simple graphs [46] in some cases
with weighted edges [4, 51] together with a partitioning into bipartite mod-
els [65]. One exception to this trend is the notion of network motifs [52] which
is restricted to the formation of micro level structures. That is, the main fo-
cus of research has been on structures on the macro level (cf., e.g. the bow-tie
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Fig. 1.1: A webgraph [11] in the form of a directed generalised tree derived from a conference
website (www.text-technology.de) [15,42].

model of [8]) disregarding intermediary levels of structure formation within
complex networks. As a consequence, structure formation is almost exclu-
sively dealt with in terms of network characteristics as a gateway to “univer-
sal” laws of network organisation [5]. Note that there are many graph cluster
algorithms for identifying subgraphs of an above average cluster-internal ho-
mogeneity and cluster-external heterogeneity (see [11] for an overview). This
is in the line of supervised or unsupervised learning which basically decide
on the membership of objects to clusters as partitions of the vertex sets of the
underlying graph. In this chapter we want to shed light on a graph model
in the area of semiotic networks which goes beyond traditional approaches to
graph clustering and, at the same time, departs from the predominant model-
theoretic abstinence regarding meso level structures.

Generally speaking, graph models are quite common in semiotics and re-
lated disciplines. Whereas in linguistics tree-like models predominate (as,
e.g., rhetorical structure trees [36] to name only one example), there have
been made efforts to building more general graph models in quantitative lin-
guistics [7, 37] partly inspired by category theory [28] and topology [26]. To
mention only three less cited approaches of this area (see [39] for a survey
of network models in linguistics): Firstly, [59] builds, amongst others, on the
categorial notion of product and coproduct in order to model the process of
meaning constitution in lexical networks. Secondly, [2] utilises hierarchical
hypergraphs as models of recursive processes of networking. Thirdly, [22]
utilise — comparable with [2] — the notion of a colimit in order to give a
formal account of emergent structures in complex systems.

In spite of their expressiveness, category theory and topology are hardly
found as methodic bases of present-day approaches in quantitative and com-
putational linguistics. One reason is that graph theory seems to be already
expressive enough to master a wide range of structure formations in linguis-
tics. In this chapter we follow this methodic conception, however with a fo-
cus on generalised trees [16]. In web mining, generalised trees have been in-
troduced in order to grasp the striking gestalt of web documents in-between
tree- and graph-like structures [15,17,42]. See Figure 1.1 for an example of a
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generalised tree with a typical kernel hierarchical structure complemented by
graph-inducing lateral and vertical links. Recently, [25] have shown that this
concept is also of interest in modeling biological structures. However, one
important question has been left open by this research.

Generally speaking, the search for spanning trees of a given graph which
satisfy certain topological constraints is a well-known research topic in graph
theory [58]. Along this line of research we can make a central question about
generalised trees as follows: Given a connected graph G, which generalised tree
G' induced by G satisfies certain desirable topological constraints? By focusing on
this question we do — unlike related approaches — not ask about a similarity
model of pairs of predetermined generalised trees (see [16] for such a model).
In contrast to this, we take a step back and ask how to induce generalised
trees from a given connected graph. This problem is at the core of the present
chapter. It will be tackled by means of the notion of a Generalised Shortest Path
Tree (GSPT). The basic idea behind this notion is to introduce a functional se-
mantics of edge types of generalised trees. That is, starting from a graph we
justify in functional terms which of its edges preferably serve as kernel, lateral
or vertical links. That way, we introduce a functional semantics into the in-
ducement of generalised trees which goes beyond the approaches mentioned
above.

This endeavour is in accordance with [58, p.71] who generally describes
the approach of network optimisation as follows: Given a weighted graph
G = (V,E,u) — called network — whose edges are weighted by an edge
weighting function p : E — R, the task is to describe a Network Optimisa-
tion Problem (NOP) which consist of finding a subgraph of G which satisfies a
set of well defined properties by optimising (i.e., minimising or maximising)
a certain function of y. It is a basic idea of the present chapter to introduce
the notion of context-sensitivity into the specification of such NOPs. That is,
as distinguished from the notion of a minimum spanning tree we look for
subgraphs in the form of generalised trees whose generation is non-trivially
affected by the choice of some root vertex. This sort of context-sensitivity is
in accordance with what is known about priming and spreading activation
in cognitive networks [45]. As becomes clear by this explanation the present
chapter simultaneously aims to provide both a graph-theoretically and empir-
ically well-founded graph model.

What do we gain by such a graph model? Such a model is a first step towards a
time and space efficient as well as cognitively plausible model of information
processing in semiotic networks. Although we aim at this model, the present
chapter does not cut the Gordian knot. That is, our graph model of structure
formation in complex networks does not overcome the disregard mentioned
at the beginning. What we do is to develop further generalised trees as models
of discourse structures. So the main result of this chapter is a formalisation of
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a promising concept which may help to better understand structure formation
in semiotic networks and the processes operating thereon.

The chapter is organised as follows: In Section 1.2, our graph model is de-
veloped in detail, including directed and undirected graphs. At the core of
this chapter there is the notion of a generalised shortest path tree which en-
ables a detailed semantics of the different edge types provided by generalised
trees. It turns out that this is a step towards combining generalised trees with
the theory of conceptual spaces. This combination is also provided by Section
1.2. Next, Section 1.3 gives an empirical account of our graph model by ex-
ample of three semiotic systems: social tagging, text networks, and discourse
structures.

1.2
A Class of Tree-Like Graphs and some of its Derivatives

1.2.1
Preliminary Notions

In this section we briefly define two well-known notions which will be used
throughout the chapter to introduce our graph model. This relates to paths in
undirected and directed graphs as well as to the notion of geodesic distance
in weighted graphs:

Definition 1.1 (Preliminaries) Let G = (V,E,Ly,LE, i) be a connected
weighted undirected graph whose vertices are uniquely labeled by the func-
tion Ly : V — Ly for the set of vertex labels Ly and whose edges are uniquely
labeled by Lg: E — L for the set of edge labels Lg. Throughout this chapter
we assume that Ly C Ng and L C Ny, that is, vertices and edges are labeled
by ordinal numbers. Further, we assume that this numbering is consecutive.
Next, let D = (V, A, Ly, Lg,v) be an orientation of G, that is, a connected
weighted digraph such that Va € A: v(a) = u(e) < e = {in(a),out(a)} € E.
By <y C L%/ (£ C L%) we refer to the natural order of Ly C Ng (Lg C Np)
such that for all a,b € V,a # b (e,f € E,e # f): a <y b (e <g f)iff
Ly(a) < Ly(b) (Lg(e) < Lg(f)). This allows us to define the order re-
lation <, = <y U <g on the set of vertices and edges. Without loss of
generality we assume that u : E — RT \ {0} is an edge weighting func-
tion which represents costs of traversing edges in E. Think of y, e.g., as a
function of the loss of coherence induced by following hyperlinks. Analo-
gously, we assume that v(a),a € A, represents the cost of entering out(a)
when coming from in(a). Now let P(G) be the set of all simple paths in G
and P = (vio,ejl,vil,...,vim_l,ejm,vim) € P(G) such that V1 < k < m: ej, =

{vi,_,,vi,} € E. Further, let P(D) be the set of all simple paths in D and
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P = (Uio/”jlfviv .. .,vim_l,a]-m,v,-m) € P(D) such that Vaj € {ah,. .. ,ajm} :
in(a;,) = v;,_, Nout(a;) = v;. Then, V(P) = {vj,v;,...,v;, ,0;,} SV
is the set of all vertices, E(P) = {e¢j,...,¢j,} C E the set of all edges and
VE(P) = V(P) U E(P) the set of all constituents of P. Analogously, we define
the sets V(P), E(P) and VE(P) for directed paths P. If G (resp. D) is a (directed)
tree then for each v, w € V the simple path ending at v and w is unique. Such
paths will be denoted as Py (ﬁvw) indexed by their end vertices v and w. Next,
we define the order relation <,C P(G)? on the set of paths P(G) of G such that
for P = (‘Ul'l,el'z, .. .,eimifl,vimi), P = (vjl,ejz,. . "ejmj—l’vjwzj) S P(G), P 75 P’
P <, Piff 3r < min(m;, m;)Vk € {1,...,r}: VE(P) > x;, = xj, € VE(P') A
VE(P) > x;,, <a %j,,, € VE(P'). Analogously, we define the order relation
Z,C P(D)? on the set P(D) of directed paths of D. Further, by Pg (v, w) we
denote the set of all simple paths in G ending at v and w. Finally, for v;, = v;,
we define the concatenation P o P/ = (Vi €iys - o) iy 17 Vi Car =+ ejm]v—l’ Ujmj)

of Pand P'. o

Remark. Throughout this chapter we will always assume the existence of the
labeling functions Ly and L and, thus, of the order relations <, and €, with-
out explicitly noting this in the subsequent definitions of graphs. The reason
of this omission is to keep the formalism simple.

Remark. Why so much effort in defining order relations over paths? The reason
is that in semiotic systems, multi- and pseudographs are common (e.g., due
to redundancy in the system) while simple graphs seem to be the exception.
Think, for example, of graphs as simple as webgraphs in which vertices de-
note pages while edges stand for hyperlinks. Here, it is not unusual that two
pages are linked by different edges distinguished by the location of their an-
chors within the source page. Using some measure of lexical similarity of in-
terlinked texts [34] such links may be equally weighted. As a consequence, we
need a method of distinguishing such edges and the paths built out of them in
order to provide uniqueness of the mathematical notions to be defined. This
is provided by <g which may explore, for example, the aforementioned posi-
tional information.

Based on Definition 1.1 we can now define the notion of a geodesic path:

Definition 1.2 (Geodesic Distance and Geodesic Path) Let G = (V, E, Ly,
L, u) be a weighted connected graph according to Definition 1.1. Then, we
extend y as a function of P(G), that is,

u:P(G) — (0,00)
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such that for each P = (Uio/eh/ Viyseve s Vi 1r €l v;,,) € P(G) we set
m
u(P) =Y ue;)
k=1

Based on y we define the geodesic path GP,, (v, w) between v and w in G as

GP,(v,w) = inf{ arg min y(P)}

N1 PePg(v,w)

where P (v, w) is the set of all simple paths in G ending at v and w (see Defi-
nition 1.1). Further, the geodesic distance fi: V x V — [0, 0) between v,w € V
is defined as

. |0 v=w
flo,w) ‘{ W(CPu(0,w)) ©#w

Finally, for any weighted graph G = (V, E, i) we define
(G) =) ule)

ecE

<

Note that the definition of geodesic distances and paths make use of the
order relation <, on the set of paths. These two notions play a crucial role
in defining so called generalised shortest path trees in Section 1.2.4 and 1.2.5.
Further, they are used to bridge the gap between the graph model introduced
here and the cognitive-linguistic notion of a conceptual space [27]. This is
done in Section 1.2.8 and 1.2.9. We are now in a position to introduce the
fundamental notion of a generalised tree.

1.2.2
Generalised Trees

What is common to many semiotic networks is their hierarchical skeleton
in conjunction with graph inducing links. Obviously, such networks lie in-
between tree-like structures on the one hand and more general graphs on the
other. This ambivalent nature has been grasped by the notion of a Generalised
Tree (GT) [17] which will be developed further in the subsequent sections. Ex-
tending the approach presented in [17] and [40] we will distinguish directed
from undirected GTs. The reason for doing this is dictated by the nature of
semiotic structures: there are semiotic systems which are better described by
abstracting from the orientation of arcs used to model relations among their
components. This holds, for example, for lexical networks whose nodes are in-
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terlinked by multiple arcs or simply by edges. In order to capture the variety
of semiotic structures which are spanned over their kernel tree-like skeletons
we utilise and extend the following graph-theoretical apparatus:

Definition 1.3 (Undirected Generalised Tree) Let T = (V,E’,r) be an undi-
rected tree rooted in r. Let further P, = (vio,ejl,vil, .. .,vinfl,ejn,vin),vio =
1,0, =0,e, = {vi,_,vi} € E’,1 < k < n, be the unique path in T from r to
v € Vand V(P) = {vj,...,v;,} the set of all vertices of P,,. An Undirected
Generalised Tree (GT)

G=(V,E,1,r1)

induced by T is a pseudograph (i.e. a multigraph which may contain loops)
rooted in r whose edges are typed by the function 7: E — 7 = {k,Lr,v} as
follows — note that edges e € E are multisets of exactly two elements which
in the case of reflexive edges contain the same element twice:!

T(e)=k = ecE=F
(kernel edges)

T(e)=v = ecE,={{v,w}|veV(Py)VweV(Py)}
(vertical edges)

VeEE N fo)=r = eeE={{v0}|veV}
(reflexive edges)
(e) =1 = ecE=[V]?\(ExUE,UE)
(lateral edges)

such that Ef}, = {e € E|1(e) = k},E[Tz] = {e € E|t(e) = V}'E[T3] ={ec
E|t(e) = r},E@] = {e € E|t(e) = 1} where E = U?:1Eﬁ]- Because of the

interdependence of T and the sequence of sets Eﬁ], 1 <i < 4, we alternatively

denote G by (V, Eﬁ._4],r) where ¢ € E[Tl..4] iff e € U;L:lEﬁ]. In other words,
generalised trees G are interchangeably noted as (V,E, 7,7) and (V, E[Tl.. e r).
We say that G is generalised by its lateral, reflexive and vertical edges. Further, r
is called the root (vertex) of G. The generalised tree G = (V,E, 7,r) induces

the undirected tree kern(G) = (V, E[Tl], r) = T called kernel (tree) or skeleton of
G. Further, the graph periphery(G) = (V, ULZEE]) is called periphery or com-
plementary graph of G. Edges belonging to periphery(G) are called peripheral
edges (complementing the set of kernel edges). Finally, the generalised tree
(V,E, 7,1, ) with the edge weighting function y: E — R is called a weighted
undirected generalised tree. o

1) For amultiset X = (Y, m), m : Y — Nx1, we use the notation

X ={x,...,x |x € Y Am(x) = n}. Further, [X]F denotes the set of
——

n times
all subsets of k elements of X [19].

7
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Remark. The reason why we use the implication instead of the equivalence
relation in defining the edge typing function 7 is that there may be multiple
edges which are typed differently. Note further that since GTs are multigraphs
the sets Eﬁ], 1 <i <4, do not form a partition of E in the strict sense.

Remark. In order to prevent negative cycles [58, 85] we henceforth assume that
u is a function from E to R™ \ {0}. Note that it does not make sense to have
zero valued edges, that is, edges e for which yi(e) = 0. Such edges simply do
not exist. Further, throughout this chapter we only deal with finite graphs.

Example Let Graph A in Figure 1.2 be given as a starting point. In this case, we

can derive a generalised tree C = (V, E[Tl..4]'0) from A such that E[Tl] = {{0,1},

{0,4}, {0,6}, {1,3}, {4,5}, {2,5}}, E[Tz] = E[T3} = Qand E[T4] = {{1,2}, {1,6},
{2,3}}. Graph D in Figure 1.2 exemplifies another GT of A also rooted in 0 but with
a different kernel tree. Finally, Graph E in Figure 1.2 shows a GT rooted in vertex 4
thereby exemplifying a vertical edge ending at 0 and 6.

Remark. Unlike [24] but in accordance with [17] we do not define GTs by
means of a multi-level function. We rather focus, more generally, on unleveled
graphs. The reason is that in semiotic systems we hardly observe such a map-
ping of vertices onto distinguished levels of a graph. Look, for example, on the
category graph of the Wikipedia [62]: other than possibly claimed by its users,
the categories in this graph do not span a tree, but a directed cyclic graph. This
fact is contrary to mapping vertices to the same level of taxonomic resolution
even if they have the same geodesic distance to the root of the category system
which, by the way, does not uniquely exist in this example of social tagging.
Further, as we do not only focus on categorical systems with a hierarchical
skeleton but additionally on association networks, the idea of a level function
gets obsolete. Thus, we need a more general definition of generalised trees as
provided by Definition 1.3.

In the sequel of this chapter, the notion of a generalised sub-tree of a GT will
be used. By exploring the type system of generalised trees such sub-trees are
defined as follows:

Definition 1.4 (Type Restricted Generalised Sub-Tree) Let G = (V,E, 7,7, )
be a weighted generalised tree. Let further » € V be a vertex in G. Then, for
asubset 7" = {k,...} C T « E : T and the restriction 7’/ of T to 7, a Type
Restricted Generalised Sub-Tree of G is a generalised tree G’ = (V,E', v/, r,u’) of
GsuchthatVe € E: 1(e) € T' = e ¢ E/ C E. In cases where 7' omits types
in descending order of the index of the sequence EE], 1 < i, we alternatively

denote type restricted generalised sub-trees by (V, E[Tl/ui],r, W) fori > 1. As

usually, ¢’ is the restriction of y to E’. o
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Fig. 1.2: A connected graph A. The same graph in a tree-like perspective denoted by graph
B. A generalised tree C of A rooted in 0. A generalised tree D of A rooted in 0 with a differ-
ent kernel than C. Finally, a generalised tree E of A rooted in 4. For reasons of simplification,
edge weights are omitted while edge types are noted as edge labels.

Remark. As generalised trees are connected graphs we do not consider type
restricted sub-trees which exclude kernel edges. Therefore, we always have
thatk € 7.

It seems natural to map the tree-like structure of a semiotic network by
means of the kernel edges of a corresponding generalised tree G while its
peripheral edges may be used to map the remainder of that network. How-
ever, as the same graph induces several generalised trees (see, e.g., Figure 1.2)
we have to pose the following question: Given an undirected connected graph
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Fig. 1.3: A graph G of three vertices together with all generalised trees derivable from it. Verti-
cal edges are labeled by v, lateral edges by 1. Roots are marked by an incoming arrow —.

G = (V, E, u), how many generalised trees can we built out of G? Look, for exam-
ple, at Figure 1.3: Given the graph G with three vertices we can derive exactly
nine GTs from G in which the third edge is either a vertical edge (if ending at
the corresponding root) or a lateral edge. More generally, if G is a completely
connected graph with n vertices, there exist n"~! generalised trees of G. The
reason is that the cardinality of this set of GTs equals the number of vertices
in G times the cardinality of the set of spanning trees of G. And the latter car-
dinality is determined by n"~2 [67]. But why do both of these sets have the same
size? The reason is that a generalised tree according to Definition 1.3 is deter-
mined by its kernel (spanning) tree — remember that apart from kernel edges
all other edge types are defined with respect to the kernel tree.

In order to stress the relationship of a graph G = (V, E, u) with its gener-
alised trees we add the following definition:

Definition 1.5 (Generalised Spanning Tree) Let G = (V, E, 1) be a weighted
connected undirected graph without negative cycles. Let further r € V be a
vertex in G. An undirected Generalised Spanning Tree (GST) G' = (V, E[Tl.. nas ")
of G is a generalised tree with the kernel kern(G') = (V, Efy r,V) as a span-

ning tree T = kern(G') of G such that E = U?# 1Eﬁ] and v is the restriction of u

1=
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to E[T1

the underlying graph of G'. o

- We say that G’ is spanned over G by means of T starting from r. G is called

From this perspective, a GT simply denotes a sort of “partitioning” of the
set of edges of its underlying graph G: it neither contains more nor less, but
exactly the same number of edges as G. The sole, however informative excep-
tion is that edges in GTs are typed according to the structural classes distin-
guished by Definition 1.3. What these types actually denote depends on the
application area in which GTs are empirically observed. Moreover, a GT is de-
termined by the choice of a spanning tree of the underlying graph: once this
kernel is specified together with the root of the GT to be built, its peripheral
edges are uniquely determined. Therefore, as long as we do not select a subset
of edges but retain the complete edge set of an input graph when deriving a
generalised tree from it, we have to focus on the choice of the kernel tree in or-
der to specify subclasses of the class of generalised trees. From a formal point
of view, this is the central theme of this chapter: We ask about the impact of
this choice on typing peripheral edges and shed light on their semantics as
a result of this choice. This semantics is in turn our bridge to empirical sys-
tems which because of their structural constraints impose different semantics
of kernel and peripheral edges. This will be specified in the remainder of the
chapter.

Before we proceed introducing subclasses of the class of generalised trees
we first ask about the time complexity of computing the sort of edge typing
induced by them. This is answered by the proof of the following theorem:

Theorem 1.1 Given a connected graph G = (V, E, u) without negative cycles, a ver-
texr € V and a spanning tree T = (V, E',v) of G, the time complexity of computing
the generalised spanning tree G' = (V,ET ,,r,u) spanned over G by means of T
starting from r is in the order of O(|V'| + |E|).

Proof. First, we observe that solving this task basically demands distin-
guishing between vertical and lateral edges. The reason is that while ker-
nel edges are identified by their membership to T, reflexive edges are distin-
guished by the fact that they contain the same vertex twice. Because of the
definition of lateral edges this further means that we have to decide whether a
givenedgee € (E[T1 4 \ E[Tl]) \ E[T3] is a vertical edge. This decision is computed
by Algorithm 1 whose time complexity can be estimated as follows:

* Line 3 computes a vector of all paths starting from r and ending at some
vertex v € V. We suppose that all vertices are indexed consecutively (by
the labeling function £y — see Definition 1.1) so that any path P, can be
accessed in x by v’s index. That way, generating x can be carried out by a
breadth first search of order O(|V| + |E|) = O(|V|+ |V|—=1) = O(|V]).

* Line 8 denotes an index-based access operation which in the case of a
vector is of constant complexity [57].

1
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Algorithm 1 Spanning Peripheral Edges

Require: A graph G = (V,E, ), aspanning tree T = (V,E’,v) of G and a
vertex r € V according to Definition 1.5.
Ensure: The set E, of vertical, the set E[T] of reflexive and the set E[T4] of

2
lateral ed[g]es of the GST G’ spanned over G by means of T starting
from r.
1: procedure SPANNINGPERIPHERALEDGES(G, T, r)
2 E[T1]<—E’E[T]<—E[T]<—EH<—®
3 X < VECTOROFALLPATHSINTREESTARTINGFROMROOT(T, 1)
4 fore:{v,w}eE\E[Tl] do
5: if v = w then
6 E[TB] — E[TB] U {e}
7 else
8 v+ x[v] A w + x[w]
9 ifv[ ]\/w[ | then
10: [2 — ET U{e}
11: else
12: Efy < EjyU {e}
13: end if
14: end if
15: end for
16: return E[2 4)

17: end procedure

¢ Line 9 denotes a search operation which is also of constant complexity if
paths are represented as vectors of length |V|. That is, x[¢] is a Boolean
vector such that for any w € V: x[v][w] = 1 & w € P,, — note that we
only check for membership of vertices in paths.

e Line 4 requires the repetition of Line 5-14 exactly |E| — |E’| times which
because of the constant complexity of the latter operations is in the order

of O(|E| — [E']) = O(|E]).

Thus we get O(|V| + |E|) as the desired upper bound. Of course, more ef-
ficient algorithms can be designed but are not of interest in this chapter as
Algorithm 1 is already sufficiently efficient. O

Remark. Utilising Algorithm 1 the computation of generalised spanning trees
is divided into two parts: firstly, computing the kernel spanning tree T and,
secondly, typing the remainder of lateral, reflexive and vertical edges. Below
we will reuse this greedy approach in order to estimate the time complexity
of generating generalised trees whose kernel trees meet specific constraints.
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1.2.3
Minimum Spanning Generalised Trees

Based on the notion of a generalised spanning tree and on the fact that the
number of these generalised trees derivable form a connected graph G is a
simple function of the number of its spanning trees we can pose a more inter-
esting question: Which GTs among all possible spanning GTs of a connected graph
G meet which structural constraints? This question goes beyond a purely math-
ematical endeavour as it bridges the area of empirical, i.e. semiotic systems on
the one hand and mathematical systems on the other. The reason is that inter-
esting structural constraints are those for which there are relevant semiotic or
information-theoretic interpretations. From this point of view not all but only
a subset of generalised trees is worth being considered theoretically thereby
stigmatising the remainder of generalised trees as semiotically irrelevant. A
subclass of generalised trees of a graph G which is certainly of higher rele-
vance due to its impact on the flow of information within G is the one whose
kernel tree is spanned by the Minimum Spanning Tree (MST) [58] of G.? This
notion relates to the class of GTs G’ of a graph G = (V, E, u) whose kernel tree
minimises the cost of edge transitions among all candidate spanning trees of
G while every peripheral edge ending at some vertices v,w € V is at least as
costly as the kernel edges of G’ ending at least at one of these vertices. This
notion is captured by the following definition:

Definition 1.6 (Minimum Spanning Generalised Tree) Let G = (V,E, i) be
a weighted connected graph, T = (V,E’,v) a minimum spanning tree of G
and r € V. The Minimum Spanning Generalised Tree (MSGT) induced by T is a
generalised tree G’ = (V, E[TL. nas ) spanned over G by means of the kernel
tree T starting from 7. o

Corollary 1.1 Given a graph G = (V, E, u) according to Definition 1.6 and a vertex
r € V, the MSGT spanned over G starting from r is not necessarily unique.

This property is a simple consequence of the fact that already the MST of
a graph is not necessarily unique, especially if we consider equally weighted
multiple edges. In order to secure uniqueness in this case one can proceed as
follows:

Definition 1.7 (Minimum Spanning Generalised Tree Revisited) Let mst(G)
be the set of all minimum spanning trees of the weighted connected labeled
graph G = (V,E, Ly, Lg, u) according to Definition 1.1. Then, we define the

2) Note that the MST of a connected graph G is not necessarily unique.
However, utilising the order relation <, of vertices and edges (see
Definition 1.1) we can uniquely determine one of these equally
weighted spanning trees of minimum weight. This approach can
be followed whenever uniqueness is desired with respect to the
mathematical constructs introduced subsequently. For an example
see Definition 1.7 (below).

13
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order relation <ye, C mst(G)? such that VT’ = (V,E',v), T" = (V,E",v") €
mst(G) : T <gern T & T = T'V Y ,cp Le(e) < Yeecpr Le(e). For a
given vertex r € V, the <y-induced Minimum Spanning Generalised Tree of
G is a generalised tree G' = (V, E[Tlnﬂ,r,y) spanned over G by means of

inf<, mst(G) starting from r. o

This definition shows a way to derive uniquely defined MSGTs wherever
needed. As mentioned above, the derivation of a generalised tree from a graph
G generally includes two steps: firstly, generating the spanning tree with its
kernel edges and, secondly, typing the rest of edges of G. Following this ap-
proach, the time complexity of generating an MSGT is bound by the sum of
the complexity of generating its kernel tree and that of typing its peripheral
edges. This idea is reflected by the following corollary — note that typing
peripheral edges may be done simultaneously with spanning kernel edges so
that there are certainly lower complexity bounds than the one mentioned in
the following corollary.

Corollary 1.2 Because of Theorem 1.1 the time complexity of generating an MSGT is
in the order of O(|V| + |E| + |E|log |V|) when using a standard algorithm [58] to
generate the kernel MST of the MSGT. It reduces to O(|V| + |E| + |E|a(|E|,|V]))
when using the algorithm of [12] where « is the classical functional inverse of Acker-
mann’s function.

The following theorem presents a first important statement about the se-
mantics of peripheral edges — in this case as the result of using a MST as the
kernel of a GT:

Theorem 1.2 Let G' = (V, E[TLA],r,y) be an MSGT spanned over G = (V,E, )
by means of the minimum spanning tree T = (V, E',v) starting from r. Then, Ve €

E[Tl.,4] \EVfeE:enf#@= u(f) <ule).

Proof. Lete = {v,w} € E[T1..4] \ E’. Let further P, = (r,...,7/, f,v) and
Py = (1,...,w, g, w) be the unique paths in T fromrtov € Vand w € V,
respectively. Then, we have to distinguish two cases:

* Case A (vertical edges): w is a vertex on Py, or v is a vertex on Pry. In
this case we conclude as follows: Without loss of generality we assume
that v is a vertex on Pr,. Then, we can construct a tree T = (V, (E'\
{g}) U{e}) such that u(T") < u(T) — T and T’ differ by a single edge.
This contradicts the status of T as a MST of G. Note that changing f by
e would disconnect T in the present case where we assume that v € Pyy.

® Case B (lateral edges): Neither is w a vertex on Py, nor v a vertex on
Py. That is, v and w belong to different branches of T. In this case
we conclude as follows: If u(e) < u(f) we can construct a tree T' =
(V,(E'\ {f}) U{e}) such that u(T") < u(T) once more in contrast to
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Fig. 1.4: A graph A together with an MSGT (cf. graph B) rooted in vertex 0 and a GSPT (cf.
graph C) also rooted in 0 derived from A. For reasons of simplification, edge weights are omit-
ted in the graphical representations of graph B and C.

the status of T as a MST of G. Analogously, we conclude when changing
gbye.
O

Remark. Theorem 1.2 separates MSGTs from ordinary graphs G and the rest
of GTs derived from G as they distinguish peripheral from kernel edges in
terms of u. In MSGTs, the function of peripheral edges is separated from that
of kernel edges: information flow along the former is more costly than along
the latter. In spite of this information, MSGTs do not separate vertical from
lateral links: Irrespective of its status as a vertical link or as a lateral link, an
edge may contribute to paths shorter than that on the kernel minimum span-
ning tree — note that MSTs are not shortest path trees. In this sense, MSGTs
do not explore the full informational capacity of generalised trees. Below we
will introduce generalised shortest path trees which additionally provide this
latter information value.

Example Let the graph A = (V,E, ) be given as shown in Figure 1.4. In this
case, we can derive the MSGT B = (V, E[Tl.. e 0, i) with the kernel minimum span-
ning tree T = (V,{{0,4},{4,5},{2,4},{1,2},{2,6},{1,3}}) and the following

subsets of edges: E[Tz] = {{0,5},{0,3}}, E[g] = E[T4] = Q.
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Now we are in a position to repeat the basic principle of generating gen-
eralised trees as follows: starting from an underlying graph we select a GT
whose kernel and periphery meet certain structural constraints. By specify-
ing these constraints we get more and more informative GTs. This principle is
followed in the subsequent sections.

1.2.4
Generalised Shortest Path Trees

It is Theorem 1.2 which motivates speaking about a minimum spanning gener-
alised tree. It divides an underlying graph G = (V, E, u) into the set of low cost
(i.e. kernel) and high cost (i.e. peripheral) edges. In this sense, MSGTs share the
restricted view of a graph G with its MSTs but additionally retain complete in-
formation about the topology of G. Note that for different vertices v,w € V
used to root the kernel MST of G, E is separated differently into vertical and
lateral edges (while the set of kernel edges remains the same if the MST is
uniquely defined). Obviously, this is a very low degree of context-sensitivity
induced by the choice of a root which solely affects the typing of edges while
leaving the kernel tree untouched. In order to exceed this lower bound of
context-sensitivity we can think of GTs whose kernel varies with the choice of
the root, that is GTs whose construction is context sensitive to the root being
chosen. A candidate instance of this notion is given by generalised shortest
path trees which — by analogy to Definition 1.6 — are defined as follows:

Definition 1.8 (Generalised Shortest Path Tree) Let G = (V,E,u) be a
weighted connected undirected graph without negative cycles, r € V a
vertex and T, = (V,E’,r,v) the Shortest Path Tree (SPT) of G rooted in r.
The Generalised Shortest Path Tree (GSPT) induced by T is a generalised tree
G =(V, Ef a7 ) spanned over G by means of T starting from r. o

Corollary 1.3 Given a graph G = (V, E, u) according to Definition 1.8 and a vertex
r € V, the GSPT induced by T, is not necessarily unique.

Once more, this property simply follows from the fact that the underlying
graphs of generalised trees may contain equally weighted multiple edges. As
before, we can utilise <g to provide uniqueness. By analogy to Corollary 1.2
we get the following corollary:

Corollary 1.4 According to Theorem 1.1 the time complexity of generating a GSPT is
in the order of O(|V| + |E| + |V|?) = O(|V|?) when using Dijkstra’s algorithm [20]
to solve the single source problem of computing shortest paths. It reduces to O ((|V| +
|E|)log |V]) = O(|E|log|V|) when operating on sparse graphs (for which |E| <
V[2).

Remark. The notion of a generalised shortest path tree is reminiscent of the
notion of a distance function-based GT as introduced by [24]. The difference
is that [24] use the geodesic distance of vertices from the root of a GT to map
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equally distant vertices onto the same level. In contrast to this, we start from
a shortest path tree in order to get a kernel tree disregarding any graph lev-
els. It seems that our notion is more general than the one of [24] as it does
not refer to structural constraints hardly observable in empirical systems, that
is, the questionable existence of graph levels (see above). Nevertheless, both
notions pave the way for more complex kernel trees of GTs whose structure is
restricted by observable constraints of natural systems (see Section 1.2.8 and
1.2.9).

Example Let graph A in Figure 1.4 be given as a starting point. Then, graph C
in Figure 1.4 is a generalised tree induced by G with the kernel shortest path tree
T =(V,{{0,3},{0,4},{0,5},{2,4},{1,2},{2,6}},0) rooted in 0 and the follow-
ing subsets of edges: E[T2] = E[Té] =Q, E[T4] ={{1,3},{4,5}}.

Unlike MSGTs, GSPTs are context-sensitive not only with respect to the clas-
sification of peripheral edges, but also with respect to the kernel tree itself
which may vary with the choice of the root of the GSPT. That way, we get
a one-to-many relation: the same underlying graph G = (V,E, ) is non-
trivially related to many different kernel shortest path trees (with different
edge sets) and, thus, to as many different GSPTs. In the extreme case we get
|V| many different kernel trees of GSPTs starting from the underlying graph
G = (V,E,u). Non-trivially means that we disregard multiple edges in this
counting (which may induce different GSPTs rooted in the same vertex). In
contrast to this, the kernel trees of all MSGTs induced by the various root ver-
tices v € V have the same edge set as long as the MST of G is unique. Thus,
MSTs lack the kind of context-sensitivity of GSPTs and, therefore, do not in-
duce the aforementioned one-to-many relation.

By analogy to Theorem 1.2 we now consider Corollary 1.5 and Theorem 1.3

about GSPTs which together provide a functional separation of vertical and
lateral edges in relation to kernel edges (as absent in MSGTs):
Corollary 1.5 Let G’ = (V, E[Tlu4],r,‘u) be a GSPT spanned over G = (V,E, ) by
means of the SPT T, = (V,E’,r) starting from r. Then, for any v € V each path
P=(re,...,e,,v)in G ending at r and v is at least as costly as the unique path
Py in Ty, that is, u(P) > p(Pry).

This corollary is in a sense obvious that we can skip its proof (it is a simple
consequence of the definition of SPTs). Its meaning is to assign vertical and
lateral edges marginal roles in relation to kernel edges: Starting from the root
of a GSPT it is more costly to traverse lateral or vertical edges than following
kernel edges. An obvious implication of Corollary 1.5 runs as follows:

Corollary 1.6 Any vertical edge in a GSPT is at least as costly as the corresponding
sub-path of the kernel SPT which is cut short by this vertical edge.

So far, we distinguished lateral and vertical from kernel edges. This does
not really make it beyond the notion of an MSGT. Thus, we have to addition-
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ally ask: How can we further separate the function of lateral edges from the one of
vertical edges in GSPTs? This question is answered by the proof of the following
theorem:

Theorem 1.3 Let G’ = (V, E[TLA],r, i) be a GSPT spanned over G = (V,E, u) by
means of the SPT T, = (V, E', r) starting from r. Then, the shortest path GP,, (v, w)
between any pair of vertices v,win T' = (V, Ef 51 w') is a path in T, — p' is the
restriction of y to EE..B]' In other words: apart from lateral edges e E[T4], shortest

paths in G’ solely contain kernel edges.

Proof. Forwv,w € V, Py, Py are the shortest paths in T, ending at r as well
as v and w, respectively. Now we have to consider two cases:

e Case A: v € V(Pry): In this case we conclude that the sub-path P =
(v, €iyserCips w) of the shortest path Py, from r to w is the shortest path
between v and w. Otherwise, if there is at least one vertical edge e be-
tween two vertices x,y € V(P) such that u((v,e;,,...,x,e,y,...,¢,,w))
< u(P), then Py, including the sub-path P is not the shortest path be-
tween r and w — in contrast to the definition of shortest path trees.
w € V(Pyy) is a mirror case.

® Case B: v & V(Prw) Nw & V(Py), that is, v and w belong to different
branches of T, rooted in r. In this case, there is a unique least com-
mon predecessor u of v and w in T, such that u € V(Py), u € V(Pry)
and for any other vertex x # u € V satisfying the same conditions
it holds that x € P,,. Now we conclude that P; = (v,e;,...,e;,, 1)
is the shortest path in T, from v to u and P, = (u, ejl,...,e]-n,w) the
shortest path in T, from u to w. Further, by Case A we know that
neither P; nor P, is shortened by including any vertical edge. Thus,
PioP, = (v,eil,...,eim,u,eijl,. ..,eijn,w) =GPy (v,w) in T

O

According to this theorem, vertical edges do not shorten any shortest path
in the kernel tree of a GSPT. However, things look different if lateral edges are
taken into account which may cut short the paths in T,. For example, in the
GSPT in Figure 1.4 (see graph C), the shortest path between vertex 4 and 5 is
spanned by a single lateral edge. Together with Theorem 1.3 this observation
assigns vertical and lateral edges quite different roles in GSPTs so that this
class of GTs is more informative about their peripheral edges than MSGTs:

e Vertical edges do not shorten any path of the kernel tree of a GSPT. Their
role is rather to provide aggregations of such paths at the expense of
a more costly transition of or less efficient information flow within the
kernel tree. From the point of view of social taxonomies one can think of
vertical edges as condensations in terms of [29]: In a concept hierarchy



1.2 A Class of Tree-Like Graphs and some of its Derivatives

induced by hypernymy relations, vertical edges provide short cuts by
relating specific with general terms thereby by-passing (i.e. aggregating
or condensing) intermediary hypernyms.

* Lateral edges do not have this role in GSPTs. Their function changes
between genuine short cuts on the one hand — as they enable faster in-
formation flow or less costly graph transitions — and cross references on
the other (which realise more expensive shifts in direction). GSPTs are
underspecified with respect to this distinction. Thus, we need a more
informative notion of a generalised tree which goes beyond GSPTs —
this extension is introduced in Section 1.2.5.

At this point we come back to one of the central themes of the present chap-
ter, that is, the context-sensitive formation of generalised trees spanned over
a certain semiotic network. As seen above, MSGTs are less sensitive to the
selection of the root of a GT than GSPTs. From a formal point of view, this
difference is manifested by Corollary 1.2 in contrast to Corollary 1.5, 1.6 and
Theorem 1.3. From an empirical point of view, the choice between MSGTs,
GSPTs or even more restricted GTs depends on the characteristics of the natu-
ral system under consideration to be retained by its formal model. This can be
formulated by means of a criterion as follows: Whenever we observe a sensitivity
of having an overview of a given network subject to adopting an initial position in
that network, we have to prefer GSPTs to MSGTs. Otherwise, we can rely on MS-
GTs which provide invariant kernel trees irrespective of our initial (root) position in
the network. Thus, we can make our question about the preferred model of a
generalised tree pointed by asking: Are there empirical systems in which rooting
is decisive at least in the sense as reflected by GSPT5? This, of course, holds for all
cognitive processes based on priming and spreading activation [48,53,60]. In
this sense, GSPTs are one step towards an empirically well observable concept
of structure formation.

1.25
Shortest Paths Generalised Trees

In spite of the latter considerations we may complain that unlike MSTs which
realise selections of subsets of edges of the corresponding input graph G, MS-
GTs and GSPTs always include all edges of G. That is, according to Definition
1.3 and 1.5, GTs induce classifications of G’s edges and, thus, contain as many
edges as G. In order to circumvent this situation we have at least two alterna-
tives:

3) Think, for example, of a situation in which a certain concept, say
small car, is classified (by a group of interlocutors) nearly as often as
a vehicle just like as a car. In this case, the classification by the more
general noun vehicle by-passes that by car without making the latter
obsolete.

19
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* We may start from a kernel MST in order to span the periphery of a GT
by the shortest paths between its vertices. This notion preserves infor-
mation about cheapest edges (to let the resulting GT be efficiently man-
ageable as a tree) and about shortest paths (as the cheapest graph-like
skeleton of the underlying graph) while it disregards the rest of edges.

¢ Alternatively, we may generalise the notion of a GSPT by shortest path
trees itself. That is, as in the latter case we span the periphery of a GT
solely by means of shortest paths, but now around a kernel SPT so that
the resulting GT solely consists of shortest path trees — it declares a
single SPT as its kernel while the rest of SPTs spans its periphery.

It is the latter notion which is of interest here: it combines the context-
sensitivity of GSPTs with a finer grained semantics of peripheral edges, finer
than in the case of MSGTs. This combination is grasped by the following defi-
nition:

Definition 1.9 (Shortest Paths Generalised Tree) Let G = (V,E,u) be a
weighted connected undirected graph without negative cycles, r € V any
vertex and T, = (V,E’,r,v) the SPT of G rooted in r (as usual, v is the restric-

tion of u to E’). The Shortest Paths Generalised Tree (SPGT) G’ = (V, E[TlA],r, 1)

derived from G is a GSPT spanned over the simple graph G” = (V,E”, 1) by
means of T, starting from r such that

E// — U Ez;

veV,Ty=(V,Ey,0,10)

E” is the set of all edges belonging to any SPT of any vertex of G; Ty, is the SPT

induced by v € V in G. Finally, y' is the restriction of y to E [Tl 4 o

Remark. We assume that G” is a simple graph and therefore neither contains
loops nor multiple edges. Otherwise, the resulting SPGT of a graph would
contain more edges than its underlying graph (because of the union which is
in use in Definition 1.9).

Based on this definition we can easily prove the following corollary:
Corollary 1.7 Let G' = (V, E[T{A],r,y) be a GSPT spanned over G = (V,E, )
by means of the SPT T, = (V,E',r,v) starting from r € V. Then, the SPGT G" =
(V,Ef, i, 1, 1) derived from G by means of T, and r satisfies the following equalities

[1.4]/
and one inequality:
T —
{52
e
3 Efy C Ejy
4. Ve = {v,w} € Efy: u(e) < u(Pyy) — note that Py, denotes the unique path

in the kernel tree of G' ending at v and w (see Definition 1.1).
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Proof. Case 1 is a consequence of Theorem 1.3, Case 2 is a consequence of
the fact that shortest paths are always simple while Case 3 and 4 are simple
consequences of the way SPGTs are defined, that is, for generating a shortest
path between two vertices v, w in G” a lateral edge {x,y} is added to E[T4] if
and only if it shortens the path Py, as a sub-path of Py.

Remark. If we define G” in Definition 1.9 as a multigraph then the periphery of
the SPGT derived from it is always connected. The reason is that in this case all
kernel edges are duplicated as often (in the form of peripheral edges) as there
are different SPTs of G to which they belong. This characteristic of “peripheral
connectivity” is not necessarily provided by any of the concurrent notions of
GTs introduced so far. However, such a highly connected GT would contain
more edges than its underlying graph. In the present stage of modeling this
characteristic is not desirable. It may be the starting point for future extensions
of the notion of a generalised tree.

In the next section we utilise the notion of a shortest path generalised tree
in order to make the next step in specifying a functional semantics of edges in
generalised trees. As will be shown, this is accompanied by an extension of
the set of edge types used so far.

1.2.6
Generalised Shortest Paths Trees

Based on the notion of an SPGT we can now define generalised trees in which
short cuts are provided by a separate, more specific edge type. This is done by
means of the notion of a generalised shortest paths tree:

Definition 1.10 (Generalised Shortest Paths Tree) Let G = (V,E,u) be a
weighted connected undirected graph without negative cycles, T, = (V, E/,
r, v) the SPT of G rooted inr € V, G' = (V, E[Tlluzﬂ, r,i') the SPGT and

G"=(Vv, E[Tl/f. s i) the GSPT both derived from G by means of T, and start-
ing from r. The Generalised shortest PathS Tree (GPST) G = (V, E[Tl‘.S],r, ) is
derived from G’ and G” by refining the edge typing functions 7’ and 7" in

termsof T: E — {¢,k,1,5,v} = T such that

'(e) e {k,r,v} = Tt(e)=1"(e)

Ve € E: T(e)=c = e€ E[Z], \E[Z,] (cross-reference edges)
T(e)=s = ec E[Z] (short cut edges)

Further, we set E[Tl] ={e € Elt(e) = k} = E[Tll] — E[Tl']' - EI’E[TZ] = {e ¢

E|t(e) = v} = E[T;]’,E[g] ={ecE|t(e) =1} = E[g’]',EE;‘] ={ecE|t(e) =

c}, E[T5] ={ecE|t(e) =5} = E[Z] where ET, UEL, = ET..

4~ E5) = Fla N

21



22

1 Generalised Shortest Paths Trees: A Novel Graph Class Applied to Semiotic Networks

Corollary 1.8 Apart from short cut edges e € E[TS], shortest paths in a GPST G solely

contain kernel edges.

This corollary is a simple consequence of Theorem 1.3 and the fact that GP-
STs basically induce a partition of lateral edges into the subset of short cut
edges e € E[TS] which contribute to shortest paths and the subset of cross-
reference edges e € E[Z] which do not. Based on Definition 1.10 and the latter
corollary we can now establish a fine-grained semantics of lateral edges in
addition to that of vertical edges induced by Theorem 1.3:

* Short cut edges: In order to span shortest paths among vertices subject to
the topology of the underlying graph G, an SPGT G’ selects a subset of
lateral edges. Lateral edges in the GSPT G” of G with the same kernel as
G’ which do not shorten paths in the latter sense are excluded from G'.
Thus, in SPGTs lateral edges are genuine short cuts: they are the only
means to establish shortest paths apart from the corresponding kernel
tree. Think of such edges, for example, as short cuts in small world-
graphs [66] which are used to establish a high cluster value within the
network. In contrast to this, vertical edges realise more costly aggrega-
tions or, in terms of semiotics, conceptual condensations along chains of
hypernymy relations.

* Cross-reference edges: Compared with short cut edges and vertical edges,
cross-reference edges neither aggregate nor shorten any (e.g. concep-
tual) relation in any other way. They rather serve as transverse edges
which bridge weakly related regions of a generalised tree. That is,
cross-reference edges build short cuts in a broader sense as they bridge
more distant vertices of the underlying graph G. In terms of small
world-graphs, cross-reference edges correspond to somehow randomly
rewired (and therefore costly) edges. They provide short average geo-
desic distances and, thus, connectivity even among less related vertices
as a precondition of efficient information flow within the network [66]
— however, at the cost of a loss in coherence among the vertices linked
in such a manner.

Now we are in a position to directly interpret the semantics of kernel and
peripheral edges in terms of real semiotic systems. Assume, for example, that
we model a social (terminological [54]) ontology [55] as spanned by the cate-
gory system of the Wikipedia. In this case, vertical edges can be used to model
transitivity among hypernymy relations, while lateral links are a means to
map co-classifications or polymorphic categorisations. Obviously, the role of
vertical and lateral edges is quite different in this example so that this distinc-
tion should be reflected in the built-up of a GT spanning the social ontology.
From a functional point of view, this distinction can be emphasised as follows:
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Fig. 1.5: A graph A together with its SPGT (graph B) rooted in vertex 0 and the correspond-
ing GPST (graph C). For reasons of simplification, edge weights are omitted in the graphical
representations of graph B and C.

* Searching: In order to efficiently search or walk through a network, ker-
nel edges are the first choice.

* Changing: If in contrast to the latter search function agents aim at non-
randomly changing the current standpoint (view or topic) in the course
of their network transitions, they should select lateral or, more specifi-
cally, short cut edges as far as they are available. A more random walk
through the network is instead of this supported by following cross-
reference links.

* Abridging: Finally, in order to cut short the traversal of the kernel hierar-
chy, vertical edges are the primary means.

This functional scenario gives a complete and distinguished semantics of
the different types of edges in generalised trees and, therefore, motivates the
introduction of this kind of tree-like graphs in-between complete order — as
manifested by trees — and randomness — as manifested by random graphs.
That is, unlike the literature about generalised trees and complex networks
introduced so far we are now in a position in which we can assign edges a
certain role as a function of their contribution to the topology of the network
in which they are spanned. According to the definition of GPSTs, this sys-
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tem of potential roles of edges distinguishes five types. Obviously, this goes
much beyond present-day approaches to complex networks in which edges
are normally neither labeled nor typed.

Let us now consider an example which exemplifies the notion of a GPST:

Example Let the graph A = (V,E, ) in Figure 1.5 be given. Then, graph B =
(v, E[TlBA],O,yB) is an SPGT spanned over A by means of the kernel SPT Ty =

(V,{{0,3},{0,4},{0,5},{2,4},{1,2},{2,6}},0) and the set of shortest paths-
inducing lateral edges E B = {{1,3},{4,5}}. Next, graph C = (V, E[1 5],0 Ue)

is a GPST with thefollowzng sequence of edge sets: E[l] = ETB ETC = {{4,6}},

Ef =0 Eg={{25}} Eg = E}}.

So far, we have 1ntroduced generalised trees by combining the context-
sensitive formation of kernel trees with a more and more constrained seman-
tics of peripheral edges. This approach goes beyond existing efforts to use
generalised trees as a graph model in-between tree-like structures and uncon-
strained graphs. The reason is that it does not only demarcate generalised
from ordinary graphs by means of typed edges. These types are also justified
in functional terms which are missing in general graphs. Section 1.2.8 shows
that this extension is a prerequisite of a graph model of a certain class of semi-
otic systems. But before introducing this model we extend our approach by
orientating generalised trees.

1.2.7
Accounting for Orientation: Directed Generalised Trees

So far we have considered only undirected graphs. As is well-known from
graph theory things look quite different when dealing with oriented graphs.
The MST of a directed graph, for example, cannot be computed in the same
way as its undirected counterpart [58]. In the remainder of this section we
provide an orientation of generalised trees. However, we concentrate on com-
plexity statements leaving the proofs of many counterparts of the theorems
presented above for future work.

Definition 1.11 (Directed Generalised Tree) Let T = (V, A’,r) be a directed
tree rooted in r € V. Let further P, = (vio,ah,vi],. .. /Uin,lf’ljn/vin)/vio =
1,0, = 0,45 € A’,in(a]-k) = vik_l,out(ajk) = v;,, 1 < k < n, be the unique
pathin T from r to v and V(Pyy) = {vj,...,v;,} the set of all vertices of Pr,. A
Directed Generalised Tree (DGT)

G=(V,A17)

induced by T is a pseudograph (i.e. a multigraph possibly with multiple
and parallel arcs or loops) whose arcs are typed by the function 7 : A —
{d,k,1,r,u} as follows:
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T(a)=k = acA =4
(kernel arcs)

T(a)=u = acAy={alin(a)=veV
Aout(a) =w € V(Pyw) \ {v}}
(upward arcs)

T(a)=d = acAg={alin(a)=w e V(Pw)\ {v}
Aout(a) =v eV}
(downward arcs)

T(a)=r = ac A ={al|in(a)=out(a)=veV}
(reflexive arcs)

(@) =1 = acV?\(AfUALUAqUA;)
(lateral arcs)

Va e A:

such that A = {a e Alt(a) = k},A[Tz] ={aecAlt(a) = u},A[Tﬂ ={ac
Alt(a) = d},A@] ={aecAlt(a) = r},A[TS] = {a € A|t(a) =1} is a par-
tition of A such that A = U2 ATy and V1 < i < j < 5: AL NAf, = @.
Because of the interdependence of T and the latter partition we alternatively
denote G by (V, A[Tln5],r) where a € A[Tl..s] iffa € U;r’zlA[Ti]. In other words,
directed generalised trees G are interchangeably noted as (V, A, 7,r) and
(v, A[TLS],r). We say that G is generalised by its lateral, reflexive, upward and
downward arcs. The directed generalised tree G = (V, A, T, r) induces the di-

rected tree kern(G) = (V, A[Tl], r) = T called kernel (tree) or skeleton of G. Fur-

ther, the graph periphery(G) = (V, U?:QA[TI-]) is called periphery or complemen-
tary graph of G. Arcs belonging to periphery(G) are called peripheral arcs (com-
plementing the set of kernel arcs). Finally, any generalised tree (V, A, 7,7, i)
with the arc weighting function y: A — R is called a weighted undirected gen-
eralised tree. o

Remark. A simple consequence of orientating GTs is the need to distinguish
between upward and downward arcs which both are subsumed under the
notion of vertical edges in undirected GTs.

Remark. By analogy to undirected GTs we henceforth assume that y is a func-
tion from A to R™ \ {0}. Once more, the reason is to prevent negative cycles.
Further, we only deal with finite graphs.

Definition 1.12 (Directed Generalised Spanning Tree) Let G = (V, A, u) be a
weighted connected digraph without negative cycles. Let further r € V be a
vertex in G. A Directed Generalised Spanning Tree (DiGST) G' = (V, Al 5T 1)

of G is a directed generalised tree whose kernel kern(G’) = T is a directed

spanning tree T = (V, A[Tl],r,v) of G rooted in r such that A = U?ZlA[Ti] and

25
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Fig. 1.6: A digraph A and two directed spanning trees derived from it: rooted in vertex 1
(graph B) and alternatively rooted in vertex 5 (graph C). For reasons of simplification, edge
weights are omitted in graph B and C.

v is the restriction of u to A[Tl]. We say that G’ is spanned over G by means of T

starting from r. G is called the underlying graph of G'. ©
Example Let the digraph A in Figure 1.6 be given. In this case, we have at most six
different directed spanning trees (vertex 6 does not root a spanning tree). Starting
from the graph D in Figure 1.6 we see that it does not induce any DGT since D does
not have any directed spanning tree.

Theorem 1.4 Given a weighted connected digraph G = (V, A, u) without nega-
tive cycles, a vertex r € V and a spanning tree T = (V,A’,r,v) of G rooted in
r. Then, the time complexity of computing the directed generalised spanning tree
G = (V, Al 5T ) spanned over G by means of T is in the order of O(|V| + |A]).

Proof. By analogy with the proof of Theorem 1.1 we observe that solv-
ing this task demands differentiating between upward, downward and lateral
arcs. The reason is that while kernel arcs are identified by their membership
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Algorithm 2 Spanning Peripheral Arcs

Require: A digraph G = (V, A, ), aspanningtree T = (V, A’,r,v) of G and
a vertex r € V according to Definition 1.12.

Ensure: The set A[Tz] of upward, the set A[3] of downward, the set A[T4] of
reflexive and the set A[TS] of lateral arcs of the DiGST G’

spanned over G by means of T starting from r.

1: procedure SPANNINGPERIPHERALARCS(G, T, 1)
/. T T T T

2 [1] — A A[Z] — A[3] — A[4] — A[S] 2

3 x + VECTOROFALLPATHSINTREESTARTINGFROMROOT(T, r)

4 foraeA\A[Tl] do

5: v+ in(a), w < out(a)

6 if v = w then

7 Aﬁq — A[T4] U {a}

8 else

9: V < x[v] AW < x[w]

10: if v[w] then

11: A[Tz] — A[Tz] u{a}

12: else if w[v] then

13: Ay < AU {a}

14: else

15: [5 +— AT U{a}

16: end if

17: end if

18: end for

19: return Afz 5]

20: end procedure

to T, reflexive arcs are distinguished by the fact that they contain the same
vertex twice. Because of the definition of lateral arcs this further means that
we have to decide whether a given arca € <A[Tl..5] \ A[Tl]) \ A[T4] is an upward
or a downward arc. This decision is computed by Algorithm 2 by analogy
to Algorithm 1. The only difference is that we distinguish between upward
and downward arcs (using the same format and method). Thus, the time ef-
fort of Algorithm 2 is basically induced by the Lines 5-17 which are repeated
exactly |A| — |A’| times so that because of the constant complexity of the lat-
ter operations the order in question is O(|A| — |A’|) = O(|A|). Further, the
complexity of performing a breadth-first search (Line 3) is, as before, of order
O(|VI+ |E]) = O(|V|+ |V]| =1) = O(]V]) so that we get O(|V|+ |A]) as
the desired upper bound. Again, more efficient algorithms can be envisioned
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but are out of the focus of this chapter as Algorithm 2 is already sufficiently
efficient. O

Now we can introduce and exemplify directed MSGTs as follows:

Definition 1.13 (Directed Minimum Spanning Generalised Tree) Let G =
(V,E,u) be a weighted connected digraph, T = (V,A’,r,v) a minimum
spanning tree of G rooted in some r € V. The Directed Minimum Span-
ning Generalised Tree (DIMSGT) induced by T is a directed generalised tree
Gr, = (V, A[Tl..s]' r, 1) spanned over G by means of the kernel tree T starting

from r. o

Example Let the digraph A = (V,E,u) in Figure 1.7 be given. Then, digraph

B =(V, A[TlBNS],Z,yB) is a DiMSGT spanned over A by means of the kernel MST

T, = (V,A,0), A" = {(2,4), (2,6), (4,0), (0,5), (0,3), (3,10), (3,1), (10,12),
(1,7), (1,8), (12,11), (8,9)}, together with the following partition of the arc set

A5 AR = AL AR ={(12),(5,4)}, Ag = {(3,11),(10,11),(3,7)}, Ajjy =
@, AESB] = {(7,9)}. Note that the subgraph spanned by the vertices 1, 7, 8 and

9 is a typical case which demarcates Prim’s algorithm of spanning MSTs from the
corresponding algorithms adapted to digraphs. While Prim’s algorithm would select
the arc (1,7), then the arc (7,9) and finally the arc (1,8), we realise that the choice of
(1,7), (1,8) and (8,9) is less costly [68].

Corollary 1.9 Because of Theorem 1.4 the time complexity of generating a DiMSGT
is in the order of O(|V| + |E| + min{|E|log |V|, |V|?}) when using a standard
algorithm [58] to generate a directed minimum spanning tree as its kernel.

This corollary is a simple consequence of separating the generation of span-
ning trees from spanning peripheral arcs as realised by Algorithm 2. As a
DiMSGT rooted in a preselected vertex r equals the shortest path tree rooted
in the same vertex it is superfluous to consider directed generalised shortest
path trees. As an alternative we consider Directed Generalised Dependency Trees
(DiGDT). These are generalised trees which are spanned by means of directed
dependency trees which, in turn, result from orientating so called dependency
trees. Dependency Trees (DT) have been used in computational linguistics to
order association data in a tree-like fashion [35,38,49]. They are generated as
follows: for a distinguished vertex r of a graph G = (V,A,u), vertices are
inserted into the DT rooted by r in ascending order of their geodesic distance
from r where the predecessor of any vertex v to be inserted is chosen to be
the vertex w which in terms of y is most close to v among all vertices already
inserted into the DT. Look at Figure 1.7 and vertex 2 as our distinguished root
vertex. In this case, we realise first that the vertices of graph A are inserted into
a DT rooted by 2 according to their geodesic distance to 2. Thus, we get the fol-
lowing sequence of vertices to be inserted: 4,6,0,5,3,1,10,11,12,7,8,9. Based
on this sequence we get a kernel spanning DT as shown in Figure 1.7 by graph
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Fig. 1.7: A directed graph A together with its DIMSGT (graph B) rooted in vertex 2 and a di-
rected generalised dependency tree (graph C) rooted in the same vertex. For reasons of sim-
plification, arc weights are omitted in the graphical representations of graph B and C.

C which is a generalised dependency tree spanned by means of the latter DT
starting from 2. The generation of this DiGDT is more context-sensitive than
the one of the corresponding DiMSGT since the choice of the root uniquely
determines the sequence in which vertices are processed, that is, according
to their order of being primed by the root vertex. As a consequence, DiGDTs
realise a sort of construction-integration process [33] in which the root vertex
initiates firstly a process of spreading activation or information percolation
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which is secondly organised in the form of a generalised tree. In other words:
in Figure 1.7, the DiGDT C structures the network given by graph A more
from the perspective of vertex 2 than this is done by the DiMSGT B. We do
not approach in formalising this notion here but hint at a publication in which
dependency trees and more general Markov trees are studied as the kernel
trees of generalised trees in detail — cf. [41].

At this stage, we may envision a lot of theorems about directed generalised
trees by analogy to those proved for their undirected counterparts. However,
we resist following this branch of research and go back to elaborating the
framework of undirected generalised trees — this time with a strict view of
semiotic modeling.

1.2.8
Generalised Trees, Quality Dimensions and Conceptual Domains

So far we have introduced generalised trees as a fairly expressive, nonetheless
well-constrained model in-between the extremal cases of trees and general
graphs. In this section, we explore the representational potential of gener-
alised trees a step further. As done in the sections before, we do that in graph-
theoretical terms. The general story behind this approach is that we seek a
model beyond semantic spaces as far as they are based on a purely geometric
understanding of meaning relations [10,30,32,49,50]. Although we agree with
the conception of usage-based semantics and its quantitative reconstruction
by semantic spaces, we quarrel with the space complexity of this model and
— as a result of this — with its cognitive implausibility. Without going into
the details of this argumentation we just mention that semantic spaces equal
completely connected graphs as their meaning points are always directly re-
latable in terms of their distance without the need of considering intermedi-
ate points. Consequently, they always have a maximal cluster value [66] —
far away from what is known about real semiotic networks [39,56] and their
small world-like topology. As an alternative to this undesirable state we seek
a less compact model with a realistically sparse topology in conjunction with
a tree-like skeleton by analogy to conceptual hierarchies.

In order to approach this model we refer to [27] who elaborates concep-
tual spaces as a level of representation in-between sub-symbolic association
networks of lower resolution and symbolic models of higher resolution.
Roughly speaking, a conceptual space is based on a system of conceptual
domains which are integral dimensions used to map points onto the space.
That is, for a set of quality dimensions {Dy,...,D;,} one can build a con-
ceptual space in which objects v to be observed are represented as vectors
v = (v(Dy),...,v(Dy)) where v(D;),1 < i < n, is the value taken by ob-
ject v on dimension D;. A central starting point of [27] is to view domains as
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systems of interrelated quality dimensions. This gives a conceptual space an
internal structure as its objects can be characterised by structured values which
they take on the corresponding domain.*

[27] does not completely determine the mathematical notion of a concep-
tual space but relies on an axiomatic approach by naming necessary condi-
tions of candidate implementations. In this sense, semantic spaces are just
one way of implementing conceptual spaces which leave plenty room for de-
veloping alternative, topologically more constrained space models. This is
exactly our gateway to make a first step in promoting generalised trees as
such an alternative. In this section we show how generalised trees can be con-
ceived as conceptual domains. That way, we open the door to less complex
representation formats apart from semantic spaces, formats which provide
the efficiency of tree-like structures together with the structural freedom of
networks. In order to approach this goal we proceed as follows: Firstly, we
define a metric space based on generalised trees. Secondly, we interrelate this
definition with the notion of betweenness and equidistance in terms of gen-
eralised trees. Thirdly, we introduce an interpretation of generalised trees as
a sort of conceptual domain by which conceptual spaces are spanned as net-
works of networks (cf. Section 1.2.9). Once more, it turns out that generalised
shortest path trees are the valuable starting point of this endeavour:

Corollary 1.10 Let G = (V,E, Ly, Lg, u) be a weighted connected graph according
to Definition 1.1, G' = (V, E[T{A],r,y) be a GSPT and G" = (V, E[Tllf.5],r,y) a
GPST spanned over G by means of the shortest path tree T, starting fromr € V.

Then, ji’ (see Definition 1.2) is a distance function in G' = (V, E[T1/..3]f’" W) and i’ a

distance function in G = (V, ET/./. L W' — ' and y" are the restrictions of u to

1
E[Tlln3 and E[Tl,f. A respectively. That is, (G

!

H

i) and (G”, ") are metric spaces.

]

Proof. Because of Theorem 1.3 and Corollary 1.8 we can concentrate on ker-
nel edges when considering shortest paths and geodesic distances. As a trivial
consequence of these two theorems, Corollary 1.10 is reduced to a statement
about trees since neither vertical nor cross-reference links interfere with the
function of kernel links, that is, establishing shortest paths. Thus, the proof
simply looks as follows:

* Minimality: The geodesic distance between two vertices is a non-
negative, real-valued function which because of the definition of f is
0 in the case of two vertices v, w if and only if v = w (see Definition 1.2).

o Symmetry: The symmetry of i’ and fi” simply follows from the fact that
we deal with undirected graphs.

* Triangle inequality: If P is the geodesic path between u and v (which be-
cause of Definition 1.2 is uniquely defined) and P’ the geodesic path be-

4) For more details of this notion see [27].

31
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tween v and w, then P o P’ is the geodesic path between u and w so that
' (u,0) + p'(v,w) = p'(u,w) — as claimed by Theorem 1.3 this does
not interfere with any vertical edge. In the case of fi”” we have to argue
analogously.

O

Following [27], we now define the relation of betweenness and the relation
of equidistance in terms of generalised trees where the latter form — according
to Corollary 1.10 — a special kind of metric space:

Definition 1.14 (Geodesic Betweenness) Let G = (V,E,Ly,Lg, 1) be a
weighted connected graph according to Definition 1.1. Then, we define the
relation B C V3 where

Vu,v,w € V:B(u,v,w) < u#v#wAveV(GPy(uw))

The relation B is called Relation of Geodesic Betweenness. This is the relation of
all vertices u, v, w for which v is on the geodesic path between u and w. Every
vertex v for which B(u, v, w) is called geodesically between u and w. o

Corollary 1.11 Let G = (V,E, Ly, Lg, u) be a weighted connected graph according
to Definition 1.1, G' = (V,EH__4],r,y) be a GSPT and G" = (V, E[T{T.S],r,y) a
GPST spanned over G by means of the shortest path tree T, starting fromr € V.
Then, firstly, the relation B satisfies the Axioms B1-B4 of Betweenness [27] in
G = (v, E[Tll_s],r, w')and in G" = (V, E[T{./A],r, w'"). Secondly, for any u,v,w €
V: (B(u,v,w) & f'(u,0) +p'(v,w) = p'(u,w)) A (B(u,v,w) < 7" (u,v) +
~I ~1

2’ (v,w) = p"(u,w)). u' and y" are the restrictions of u to E[Tll'ﬁ] and E[Tll_,A],

respectively.

Proof. Trees are known to satisfy the axioms of betweenness. By Theorem
1.3 and Corollary 1.8 we know that neither vertical edges in GSPTs nor verti-
cal and cross-reference edges in GPSTs interfere with kernel edges in spanning
geodesic paths. Thus, the first part of Corollary 1.11 reduces to a well-known
statement about (kernel) trees so that we can claim that B satisfies the follow-
ing axioms of betweenness:

e Bl: Vu,v,w e V:u #v#w= (B(u,v,w) = B(w,v,u)).

* B2Vu,v,weV:u#v#w= (B(uov,w)= -B(v,uw)).

* B3: Yo,w,x,y € V:v # w # x # y = (B(v,w,x) ANB(w,x,y) =
B(v,w,v)).

e B4 Yo,w,x,y € V:v # w # x # y = (B(v,w,y) AB(w,x,y) =
B(v,w, x)).

B
B

The second part of Corollary 1.11 simply interrelates the triangle inequality of
Corollary 1.10 with the present corollary. O
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By analogy with Definition 1.14 and Corollary 1.11 we get the following
definition of equidistance in conjunction with its concomitant corollary:

Definition 1.15 (Geodesic Equidistance) Let G = (V,E,Ly,Lg, 1) be a
weighted connected graph according to Definition 1.1. Then, we define the
relation E C V* where

Yo,w,x,y € V:E(v,w,x,y) < vF#FwF#xFYA
y(GPy(v,w)) = F(pr(x/y))

The relation E is called Relation of Geodesic Equidistance. This is the relation of
all vertices v, w, x, y for which the geodesic distance between v and w equals
the geodesic distance between x and y. Any two pairs of vertices v, w and x, y
for which E(v, w, x, y) are called geodesically equidistant. o

This allows us to formulate the following self-evident corollary:

Corollary 1.12 Let G = (V,E, Ly, Lg, u) be a weighted connected graph according
to Definition 1.1, G' = (V, Ef| ,,7,pt) bea GSPTand G" = (V,Ef g,r,11) a GPST
spanned over G by the shortest path tree T, starting from r € V. Then, firstly, the re-

lation E satisfies the Axioms E1-E4 of Equidistance [27] in G’ = (V, E[Tl/ug,],r, 1)

and in G = (V, E[Tlliﬂ,r,y”). Secondly, for any v,w,x,y € V: (E(v,w,x,y) <
A (v,w) = p'(x,y)) AN(E(v,w,x,y) < 3" (v,w) = 7" (x,y)). y’ and y' are the

restrictions of y to E[Tl..s] and E[Tl/i L respectively.

Proof. Once more, the only thing we need to hint at is that the generalised
sub-trees G’ and G” do not contain any edges which interfere with their ker-
nel edges in spanning geodesic paths. Thus, we can claim that E meets the
following axioms of equidistance within these generalised subtrees:

e E1: Vu,v,w € V: E(u,u,v,w) = v = w.

* E2:Vo,w € V: E(v,w,w,0).

e E3: Vu,v,w,x,y,z€ Viu#v#w#x#y#z= (E(uowx)A
E(u,v,y,z) = E(w,x,y,2)).

E4: Vu,v,w,x,y,z € Viu #v #w #x #y #z= (Bluo,w)A
B(x,y,z) NE(u,v,x,y) NE(v,w,y,z) = E(u,w,x,2)).

O

By Corollary 1.11 and 1.12 we see that well-defined generalised sub-trees of
GSPTs and GPSTs respect the axioms of betweenness and equidistance. More-
over, by Corollary 1.10 we additionally see that we get a simple metric on
instances of these classes of graphs. According to [27] these are basic struc-
tural constraints to be satisfied by the dimensions of conceptual spaces. In
other words, it seems plausible to build conceptual spaces in terms of a spe-
cial kind of generalised tree — this relates especially to GPSTs. By their hi-



34

1 Generalised Shortest Paths Trees: A Novel Graph Class Applied to Semiotic Networks

erarchical skeleton, these trees respect basic constraints of conceptual spaces
but nevertheless share the full expressiveness of graphs. This paves the way
for a graph-theoretical model of conceptual structures beyond ordinary trees
and below the space complexity of semantic spaces. But what does it mean
to use generalised trees for spanning conceptual spaces? More specifically: How
can we think of generalised trees as quality dimensions? In order to answer these
questions we utilise the notion of a conceptual domain as a system of inter-
related or interdependent quality dimensions. More specifically, we define a
conceptual space as a set of quality dimensions with a topological structure as
defined by generalised trees where a single domain equals a generalised tree
as a kind of structured dimension. In other words, the vertices of a GSPT or
a GPST, respectively, define basic dimensions which by virtue of their edges
form integral dimensions. The integrity of the dimensions is reflected by the
hierarchical skeleton of the respective GT. As a consequence, objects o to be
mapped onto a conceptual domain D are interrelated with a subset of vertices
of D such that all edges generated by this measurement operation preserve
the generalised tree-like topology of D. That way, a measurement of 0 along a
basic dimension v of D equals the geodesic path ending at v and o as a result of
adding o as a new vertex to D subject to preserving the structural constraints
of this generalised tree. In Section 1.3 we exemplify this structuralistic no-
tion of measurement in detail. Note that so far we have sketched GT-based
conceptual spaces only in terms of undirected graphs leaving the examination
of conceptual spaces based on directed GTs for future work. The next section
shows how this notion of a graph-like representation of conceptual structures
is extended in order to cope (in Section 1.3) with distributed knowledge as
provided by social ontologies and social encyclopedias.

1.2.9
Generalised Forests as Multi-Domain Conceptual Spaces

So far we have considered generalised trees as intermediary units between
trees and graphs. We have also related this notion to cognitive modeling in
terms of conceptual domains as introduced by [27]. In this section we ap-
proach this perspective of spanning conceptual spaces by generalised trees
a step further. This is done by interlinking conceptual domains as separa-
ble, inherently structured dimensions whose values — taken by objects to be
mapped onto a given conceptual space — are measured separately from each
other. From a graph-theoretical point of view, interlinked domains can be
modelled by appropriately generalising the notion of a forest (of trees). Fol-
lowing this approach, we build conceptual spaces in the form of generalised
forests of generalised trees. This is done as follows:
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Definition 1.16 (Generalised Forest) A Generalised Forest (GF) is a graph G =
(v, E[TO“ N ) such that the connected components Dy, ..., D, of the subgraph
G =(V, E[TlA],y’) of G are generalised trees D; = (V}, E[Tli._4],rl-, ui),1<i<n,
which satisfy the following structural constraints:

1. The sequence Vy,...,V, isapartitionof V,ie, V = U ;V;and V1 <i <
j<n:V;NV; =@. In order to denote this partition we use the function
V:V = {V,...,Vy} whereVo e V,V1 <i<n:V(v)=V, v eV,

2. The sequence E[Tll“4],...,ET” is a partition of Ef, that is, E[Tl..4] =

[1.4] [1.4]7
T . . . T T o .
:?:;Ec[lf] andVl <i<j<m: E[l..4} ﬂE[{A} = @. Thus, V1 < i <
-4 = .
3. T: E[T().A] — T = {e,k L1, v} is an extended edge typing function such

that Ve = {v,w} € E[BA] :T(e) = e = V(v) # V(w). Thatis, forany 1 <
i<mn: E[TO] N E[Tli'A] = @. Further, we define E[TO] ={ec E[To..4] |T(e) =e}.
Thus, V{v,w} € E[To]ﬂl <i<j<n:veV;AweV, Edgese € E[TO] are
called external edges.

4. u;, 1 <i < n,denotes the restriction of y to El

[1.4]°
In other words, a generalised forest is a graph which is partitioned into pos-
sibly interlinked generalised trees. We call the generalised trees D; the compo-

nents of the GF G linked by external edges as elements of Eﬁ)] and denote them

by cmp(G) = {D1,...,Dy}. o

Remark. A generalised forest is a generalised tree with an extended edge typ-
ing function which induces a decomposition of the underlying graph into a
sequence of generalised trees by specifying external edges.

A connected graph with at least two vertices does not uniquely induce a
generalised tree. Likewise, such a graph is not uniquely decomposable into
the domains of a generalised forest. This simple observation gives plenty
room for spanning generalised forests on a given graph subject to cost func-
tions of external edges or the coherence of single domains. In this sense, we
have to think of specific notions of generalised forests which are specialised
by analogy to minimum spanning generalised trees, generalised shortest path
trees and so on. We may think, for example, of the domains D of a GF G
as subgraphs which span regions of higher “internal homogeneity” (e.g., in
terms of graph clustering [61]) within the underlying graph while its external
edges span a sort of minimum spanning tree over these domains. As a sample
notion of this kind look at the following definition of conceptual graphs:
Definition 1.17 (Conceptual Graph) Let G = (V,E, i) be a weighted con-
nected graph and p*: V2 — R{ a metric measuring the connectedness of
vertices subject to the topology of G spanned by E. Other than y, u* valuates
directly as well as indirectly connected vertices. In this sense, it is reminiscent

35
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of the notion of a transitive closure. However, we leave it open whether y*
solely explores simple or even only shortest paths (as done by ji — cf. Defini-
tion 1.2). Think of u*, e.g., as a function which measures the degree of unrelat-
edness or dissimilarity [9] of signs denoted by the vertices of G. Now a Concep-

tual Graph (CG) is a labeled generalised forest G = (V, Eﬁm],g, r, Ly, Lg,, 1)

together with an edge typing function {: E [%] — T ={ck 1,5 v} and the top-
level vertex r € V which altogether satisfy the following additional constraints:

1. Metric basic structure: Each component D; € cmp(G) — henceforth
called a domain of G — is a GPST — note that the index of E[TO..S] is run-
ning from 0 to 5 so that the edge typing functions of the components of
G distinguish among cross-reference and short cut edges.

2. Micro level coherence:

Ve € Ejgfle’ € Efy g ule) < pu(e')
3. Meso level coherence:

Yo,w e V:V(v) # V(w) =
I (v,w) > max{maxx,yev(v){y* (x/ y)}'maxx,yev(w){y*(x/ y)}}

4. Macro level structure: G' = (V',E',{',R,i’) is a GPST such that V' =
{Vil(Vi Eff goripi) € emp(G)}, [E'| = [Efy|, Ve = {o,w} € Ef; :
veVihw e Vj/\XE[B](e) =k = {VI/V]} € E//\XE’({VZ'/V]'}) =
kKANTH{V;, V) = Cle) A’ ({V;, V1) = u(e). Further, there exists an

irVj Vi Vi "
i such that 1 < i < |emp(G)| and (W,E[T{..S],ri,yi) € cmp(G) and
r € R = V;. That is, r is the root of the root-building GPST-like com-
ponent R of G.

We call G a |cmp(G)|-dimensional conceptual graph. o

Remark. Satisfying Constraint 4 of Definition 1.17 guarantees the persistence
of metric characteristics not only within single domains of a conceptual graph
but also between the different domains of that graph. In this sense, we get
the notion of a metric space of metric spaces where each of these spaces is
represented by a separate generalised tree which satisfies certain structural
constraints guaranteeing a functional semantics of its different edge types.

Remark. The notion of a conceptual graph is not to be confused with that of the
same name as introduced by [54]. In contrast to the latter term, Definition 1.17
is reminiscent of the notion of a conceptual space as introduced by [27] by rely-
ing on the notion of a graph-like topology instead of referring to a hyperspace-
based geometry. In Section 1.2.8 we have shown how to utilise generalised
trees as graph models of conceptual domains. By Definition 1.17 we get the



1.2 A Class of Tree-Like Graphs and some of its Derivatives

Fig. 1.8: A generalised forest with two components D1 and D, (cf. the proof of Corollary 1.13).
Kernel edges are denoted by straight lines, lateral edges by dashed lines and the single exter-
nal edge by a dotted line. Numeric labels denote the weights of the edges.

understanding that these domains each of which is endowed with a graph-
like topology, are interlinked by external edges which connect less coherent
and, thus, separable vertices. In other words: Definition 1.17 reconstructs the
opposition of separable and integral dimensions by the notion of micro and
meso (level) coherence — leaving the definition of macro (level) coherence of
conceptual graphs to future work: a domain is an internally structured, exter-
nally separable and internally integral dimension of a conceptual graph. We
call a conceptual graph G for which |ecmp(G)| > 1 a multi-dimensional concep-
tual space. In Section 1.3 we exemplify this notion by three different semiotic
systems.

Corollary 1.13 A generalised forest can have micro level coherence without having
meso level coherence.

Proof. This Corollary can simply be proved by constructing a counterex-
ample as shown in Figure 1.8 which is a generalised forest G = (V, Efy. 5 JH)

with two components D1 = ({1,2,3,4}, E[1 5],1 #1) and D, = ({5,6,7,8},

[1 5 5, H2) such that Efy = {{2,8}}, ETl = ETl} = Eﬁ = E[Tz] = E[% = Eﬁ =

o Ef = {{1,2},{1,4}, By, E% = (560,580, (67)), ET = {{23))
and E?, = {{7,8}}. Further, u({1, 2)) = 1((1,4)) = (13,4)) = u((5,6)) =
W({5,8)) = p(16,71) = 15,5({2,3)) = u(17,8}) = 155, and p({2,8}) = 2.0.

~

Suppose now that u* = fi. In this case we see that Constraint 1 of Defini-
tion 1.17 is satisfied while max{maxy yev, {#*(x,y)}, max, e, {p*(x,y)}} =
3.0 > 2.0 = fi(o,w). O

Obviously, Definition 1.17 demands spanning conceptual graphs in a sense
that vertices of the same domain are “nearer” to each other, more related or
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more similar than vertices of different domains. This is the generalised tree-
based analogue to the distinction of integral (domain internal) and separable
(domain external) dimensions in conceptual spaces. It reflects a basic idea
of explorative data analysis according to which objects of the same cluster
shall be more homogeneous than objects of different clusters — irrespective
of the operative measure of object similarity. Although we do not specify u*
in Definition 1.17, good candidates for instantiating #* can be derived from
algorithms for clustering graphs (cf., e.g., [61]).

At this point we stop extending the graph-theoretical apparatus introduced
so far and leave this endeavor for future work. What we finally present in the
next Section is an overall interpretation of the notion of a generalised forest as
introduced so far.

1.3
Semiotic Systems as Conceptual Graphs

So far we have gained several novel subclasses of the class of generalised trees.
It was Dehmer’s [15] task — who first and, up to that time, most comprehen-
sively formalised GTs — to define a similarity measure for classifying given
sets of generalised trees. That is, for a triple of generalised trees [15] deter-
mines the most similar pair of GTs. In this chapter we have made one step
back in order to approach an answer to the question: Given a single graph,
which of the generalised trees derivable from it satisfies which topologically and semi-
otically founded constraints? Following this line of research we have introduced
the notion of a minimum spanning generalised tree (MSGT), of a generalised
shortest path tree (GSPT) and of a generalised shortest paths tree (GPST). Es-
pecially by the subclass of GPSTs we have gained a detailed semantics of ker-
nel, vertical, reflexive and lateral edges where the latter have further been
divided into the subset of cross-reference and short cut edges. In Section 1.2.6
we have given a functional semantics of kernel edges as search facilities, of
vertical edges as abridging facilities, of short cut edges as association facilities
(in support of large cluster values) and of cross-reference edges as randomi-
sation facilities (in support of short average geodesic distances). Generalised
trees are a class of graphs which impose functional restrictions on the typing
of their edges which locate this class in-between the class of trees and general
graphs. In this sense, we have reached an information-added value from our
new look on graphs: although each GT is a graph by definition, the latter se-
mantics of edge types provides a detailed classification of edges according to
their function in processes of information flow in networks. Further, in Section
1.2.8 and 1.2.9 we have approached the stage of elaborating the notion of a
GT in terms of cognitive modeling. It is now that we explain this model by
example of three semiotic domains.
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In order to do that let us briefly recapitulate our instantiation of conceptual
spaces by means of generalised forests as presented above: Starting from a
graph we denote quality dimensions by its vertices whose networking into
generalised trees defines domains, that is, internally structured dimensions
of mutually integral basic dimensions. Starting from this setting, conceptual
spaces are spanned by interlinked domains such that dimensions of different
domains are less coherent than those belonging to the same domain (remem-
ber our analogue to the notion of separable dimensions). So what does it mean
to map an object on such a conceptual space? There are at least two candidate an-
swers to this question — a (neo-)structuralistic one and a conceptualistic one
(as we call them):

1. Structuralistic interpretation — the unipartite model: According to this
view, a conceptual space is a unipartite graph in which all entities —
whether dimensions or objects — are mapped onto the same single
mode of the graph. That way, any object is defined in accordance with
the general stance of structuralism by its relative position with respect
to all other objects of the same space [43] (in terms of direct or indirect
links). Following this interpretation — which below is exemplified by
text networks — a newly observed object o0 is mapped onto conceptual
space

a) by finding the domain to which it is best related (in terms of the
operative notion of object relatedness or similarity),

b) by locating o relative to the dimensions of that domain subject to
the restrictions of generalised shortest paths trees and

c) by establishing external edges which relate o to alternative domains
as representations of its additional meanings.

Under this regime, the root of a generalised shortest paths tree repre-
senting a certain domain is the prototype of this domain which by virtue
of this structuralist interpretation is an existent sign [45] (and not just a
virtual configuration of features). Further, domains (and the concep-
tual graphs spanned by them) necessarily grow as a function of newly
made observations, that is, by newly made object measurements (e.g.,
processes of sign interpretation). This may also affect the rewiring of al-
ready established domain-internal or -external links. As a consequence,
measurement operations are reconstructed as a sort of object wiring or
edge formation. We can represent such kind of measurement operations
by means of a vector-like notation as follows: an object o0 is mapped onto
a conceptual graph G by a vector o’ = (dy,...,d,) where d; = u(0,v;),
1 <i <, iff 0 is linked with vertex v;, otherwise d; = 0. From this point
of view, we naturally gain an interpretation of conceptual graphs accord-
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Ccs Conceptual Graph  Text Networking  Social Tagging Thematic Progression

dimension  vertex text social category text segment

domain generalised tree text subnetwork social category subnetwork of text
subgraph segments

space generalised forest text network social category graph  network of text segments

! vertex of the same
object or different mode text text (segment) text (segment)
Tab. 1.1: Overview of the notion of a conceptual graph as a purely graph-theoretical recon-

struction of the notion of a Conceptual Space (CS) [27] and three of its instances.

Bot

ing to the theory of diachronic structuralism as pushed by [31], [13] and
especially by [18].

. Conceptualistic interpretation — the bipartite model: According to this view,

a conceptual graph spans a bipartite graph with two modes: whereas
the top mode is (as above) spanned by the interlinked domains of the
graph, objects are now separately mapped onto the graph’s bottom
mode. There are two alternatives of representing this bottom mode: ei-
ther objects are represented in the usual way as vectors of values along
dimensions which span a geometric space or the object space spans it-
self a generalised forest. It is the latter variant which is preferred here.
Following this interpretation, a conceptual space consists of two interre-
lated conceptual graphs, the one representing a system of dimensions,
the other a system of objects characterised and interrelated along these
dimensions. In order to make sense of this interpretation we are in need
of a notion of commutativity by analogy to category theory. That is,
links among dimensions restrict the set of links among objects. Under
this regime, the root of a generalised shortest paths tree representing a
certain domain is the prototype of this domain which by virtue of this
conceptualistic interpretation is no longer a real existing sign [45].

h of these interpretations naturally include hierarchical categorisation

as a mode of object representation [?]. This is a direct consequence of the
topology of generalised trees by which objects may be mapped onto vertices
of different levels of the kernel of the operative domain. Note that both of

these

interpretations of conceptual spaces are contrary to feature semantics

which (i) establishes semes [29] as semantic dimensions which form building
blocks of (ii) categories as regions of semantic space onto which objects are (iii)
mapped by categorising them along the latter categories. The reason why we
do not follow this approach is the sheer impossibility of finding such reliable
semantic dimensions. Thus, following the tradition of neo-structuralism we
refer to the signs themselves as dimension building units [18].
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Now we can exemplify the latter two interpretations of conceptual spaces
in terms of conceptual graphs by means of three semiotic domains:

o Text networking: A first example of conceptual graphs can be constructed
in the area of social text networking. The most prominent example of
this is the Wikipedia in which articles and related document units are
the vertices which are connected by encyclopedic links [40]. In this area
we can build a conceptual graph along with a structuralist interpretation
by identifying topical domains as sub-networks of Wikipedia’s article
graph. This can be done by clustering articles according to their con-
tent. However, Wikipedia also knows the concept of thematic portals
which — as is easily shown [40] — have a generalised tree-like topology.
Without elaborating this example in detail let us mention that while in
this example kernel and vertical links express relations of thematic hy-
potaxis, subordination or containedness among articles, short cut edges
connect articles related by textual entailment while cross-reference links
can be used to represent links among thematically loosely connected ar-
ticles (e.g. by means of dates, locations etc.). Following this line of think-
ing, the Wikipedia article graph gets a semantic space in itself which is
subdivided into portals and other clusters of articles where each of these
clusters spans a certain thematic domain by means of its thematic homo-
geneity. By mapping a single text (or a new article) onto this conceptual
graph we get, amongst others, information about its membership to cer-
tain thematic domains. Additionally, for each of these domains repre-
senting its ambiguous content we get information about the degree of
its thematic resolution (as a function of its geodesic distance to the root
of that domain). Finally, by classifying all links starting from that text in
terms of kernel, vertical, short cut and cross-reference edges we specify
its functional position in processes of information flow through that net-
work. This is just a structuralist way of revealing the content of an object
by interlinking it with other objects of the same ontological sphere.

* Social tagging: Along with a conceptualistic reading of conceptual graphs
we get a second example. Now instead of directly interrelating a text
with the vertices of a given text network we can alternatively map that
text onto the category system of the Wikipedia [63]. That way, the cate-
gory system of the Wikipedia [62] is reconstructed as a generalised for-
est in which different subgraphs span thematically distinguished sub-
ject areas (e.g. culture, science, sports). That is, we assume that ker-
nel edges model hypernymy relations while vertical edges abbreviate
them according to their transitivity. Further, we assume that short cut
edges map socially linked categories which denote co-classifications or
polymorphic categorisations within a given thematic domain. Finally,
cross-reference edges are seen to denote remote, that is, less obvious
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co-classifications. Under this regime, external edges combine obviously
unrelated domains of categorisation — possibly due to an erroneous co-
classification of an ambiguous term or so. Obviously, vertical and lat-
eral edges have quite different roles so that this information can be re-
flected by the built-up of generalised trees representing single domains
of categorisations. Note that this interpretation in terms of interlinked
domains relieves us of deciding on a top-level category. Such a single
top-level category is as unrealistic as a purely tree-like skeleton of a cat-
egory graph in social tagging. As before, when a text is mapped onto
the resulting conceptual graph we perform a hierarchical categorisation
where ambiguous texts are mapped onto different domains of the graph.
* Thematic progression: A third example belongs to the area of discourse
analysis. According to the notion of thematic progression [14] we may
think of a single discourse as being divided into interlinked thematic
domains each of which represents a single topic separated from the rest
of the topics of the same discourse. Representing these domains as gen-
eralised trees we decide to map thematic progressions by kernel edges
which are supplemented by vertical edges as a means to abridge hy-
potactic relations among discontinuous text segments. Further, we can
think of short cut edges as links among thematically associated text seg-
ments while cross-reference links denote thematically remote connec-
tions among randomly linked text parts. In other words, kernel and
vertical edges model textual coherence as based on textual entailment,
while short cut and cross-reference edges are used to model coherence
relations of text segments based on thematic association. Note that the
original model of thematic progression does not account for graph-like

discourse structures but unrealistically relies on a tree-like model.

What have we gained by the graph-theoretical apparatus introduced so far? We
have invented a graph model which shares the efficiency of shortest path trees
with the expressiveness of graphs. Further, we have elaborated this notion
along the notion of a conceptual space. More specifically, we have introduced
generalised forests as a graph model which retains several non-trivial char-
acteristics of semiotic systems. With respect to semantic relations this model

accounts for

1. thematic centralisation according to the choice of prototypes as roots of

generalised trees,

2. hypotactic unfolding by means of kernel edges along increasingly spe-
cialised nodes starting from the prototypical root of the generalised tree,
3. thematic condensation as provided by vertical links abridging taxonomical

relations due to transitivity relations among kernel edges,
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4. thematic short cuts as a means of representing thematic associations apart
from taxonomic or otherwise hierarchical meaning relations,

5. domain formation as a result of networking among thematically homoge-
neous signs,

6. domain networking by spanning external edges among different domains
in order to gain finally

7. conceptual spaces as reference systems of modeling the content of polyse-
mous signs.

This reference example shows that generalised forests and their constitu-
tive trees can be seen as a powerful tool for mapping semiotic systems of a
wide range of areas (ranging from single texts and social ontologies to whole
text networks). This opens the perspective on semiotic measurements beyond
semantic spaces and the geometric model of meaning relations.
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